, propose a definition for domains with unbounded curved channels which encompasses domains with an unbounded boundary, domains with nozzles, and domains with a boundary being a punctured surface, and argue on the existence of steady flow for incompressible fluids with arbitrary fluxes in such domains.
Shear thickening fluids
Consider the problem of solving the Navier-Stokes equations for a stationary incompressible fluid in a domain having unbounded outlets (channels), with homogeneous Dirichlet boundary condition. If the outlets are straight cylinders (strips, in the case of dimension two) and we ask that the fluid flow converges to given Poiseuille flows (parallel flows) in the ends of the outlets, the problem is known as Leray problem, and it was solved by C. Amick [1] , under the condition that the fluxes of the given Poiseuille flows are sufficiently small. Instead of asking that the flow converges to Poiseuille flows in the ends of the outletes, O.A. Ladyzhenskaya and V.A. Solonnikov proposed and solved in [5] the problem of giving the flux of the fluid in each outlet. They solved this problem for arbitrary fluxes and with the outlets not being necessarily straight cylinders. Besides, their solution has the property that the Dirichlet integral of the velocity field of the fluid grows at most linearly with the direction of each outlet, and they also proved that this solution is unique under some additional smallness condition. See Problem 1.1 and theorems 3.1, 2.5 and 5.5 in [5] .
Let us set some notations. The fluid velocity is denoted by v and the symmetric part of the velocity gradient ∇v, by D(v). In this section, we consider the fluid in an open and connect set Ω in R n , n = 2, 3, with a C ∞ boundary, such that Ω = 2 i=0 Ω i , where Ω 0 is a bounded subset of R n and, for i = 1, 2, in different cartesian coordinate system,
∞ simply connected open set in R n−1 , and such that, for
and Ω i contains the cylinder {x ∈ R n ; (−1) i x 1 > 0 e |x ′ | < l 1 }. We denote by Σ, any cross section of Ω (i.e., any bounded intersection of Ω with a (n−1)-dimensional plane), n, the orthonormal vector to Σ pointing from Ω 1 toward Ω 2 , and by Ω t , the truncated domain Ω 0 ∪ ∪ 2 i=1 {x ∈ Ω i ; (−1) i x 1 < t}, t > 0, and Ω i,t−1,t = Ω i,t Ω i,t−1 . Also we shall use the notations:
divergence free vector fields defined in Ω. Because the sets Ω i contain straight cylinders they cannot make a turn, so we say that they are not curved channels. In Section 2 we propose a definition for domains with unbounded channels, which includes curved channels, and argue on the existence of steady flow for incompressible fluids with arbitrary fluxes in such domains.
In [3] , the existence theorem [5, Theorem 3.1] was extended for incompressible non newtonian fluids with the viscous stress tensor giving by
That is, in [3, Theorem 2.2] we prove the following theorem: Theorem 1.1. For any α ∈ R and p ≥ 2, the problem
The proof extends the technique of [5] , which first solves the NavierStokes equations in the truncated bounded domain Ω t and then takes the limit with respect to the truncation parameter t when t goes to infinity. As in [7] and [5] , and in several subsequent papers, the velocity field v is sought in the form v = u + a, where u is the new unknown with zero flux and a ≡ a(x, δ), x ∈ Ω, is a constructed divergence free vector field, depending on the parameter δ > 0, with flux α and some other important properties. Among these properties satisfied by a, the property that assure that, for some constant c indepedent of δ, we have that Ωt |u| 2 |a| 2 ≤ cδ 2 Ωt |∇u| 2 for all t > 0 and all divergence free vector field u ∈ C ∞ 0 (Ω), plays an essencial role in the analysis. Indeed, using it it is possible to obtain a priori uniform estimates in u L 2 for solutions v = u + a of problem (1.1). For the non newtonian fluids considered here, i.e. p > 2, it turns out that the construction of the vector field a can be quite simplified. Letã be a smooth divergence free vector field, which is bounded and has bounded derivatives in Ω, vanishes on ∂Ω, and has flux one, i.e. Σã = 1 over any cross section Σ of Ω. Then, given α ∈ R, the vector field a = αã is a vector field preserving all these properties but having flux α and else satisfying the following estimates, for some constant c depending only on a, p and Ω:
For the construction of the vector fieldã and the proof of properties i)-iii), see Lemma 2.1 in [3] .
In order to obtain a regular solution in Ω t , say with v in a Sobolev space W 2,l (Ω t ), for some positive number l, we consider the NavierStokes equations in Ω t with the stress tensor modified to
More precisely, we have the following proposition [3, Proposition 4.1]: Proposition 1.2. Let p ≥ 2 and a a vector field as described above, given by [3, Lemma 2.1]. Then, for any t > 0, the problem
The weak solution in
2 is obtained by the Galerkin method and the Browder-Minty method, taking into account the following well known estimate |x| 
, for any τ ∈ (0, t), it is obtained by the proof of Theorem 1.2 in [2] . The fact that we do not have here the homogeneous Dirichlet boundary condition v = 0 in the whole boundary ∂Ω t does not affect the method given in [2] to obtain
, for any τ ∈ (0, t), because a = 0 in ∂Ω τ ∩ ∂Ω and ∂Ω τ ∩ Ω is interior to Ω t , for τ ∈ (0, t).
With Proposition 1.2, the next step in the proof of the Theorem 1.1, following [5] , is to estimate ∇(v t − a) L p (Ωτ ) uniformly with respect to t > τ . This is achieved by the energy method with the help of Korn's inequality [6] and Poincare's inequality (see [4, p.56] ). Indeed, multiplying the Navier-Stokes equation by u t = v t − a and integrating by parts in Ω τ , if we set z(η) = 
, for some constants c 1 , c 2 and all τ > 0 and t ≥ τ + 1. From this estimate, by a diagonalization process, weak convergence techniques and the Browder-Minty method, we obtain a solution to the problem (1.1). For the details, see [3] .
Curved channels
As we mentioned in Section 1, in this section we propose a definition for domains with unbounded channels not necessarily containing straight cylinders and give an idea how to show the existence of steady flow for incompressible fluids with arbitrary fluxes in such domains. More precisely, using some concepts from Geometry, we argue below that the following statement is true:
Let Ω be a smooth n-manifold with boundary in R n , n = 2, 3, with a finite number of ends
, Ω is diffeomorphic to a compact smooth n-manifold with boundary embedded in R n with k points removed from its boundary. Suppose that the volumes of the cut domains Ω t (defined below) are of order t. Then, given any set of real numbers α i , i = 1, · · · , k, such that α 1 + · · · α k = 0, the NavierStokes equations in (1.1), with p > 2, and Ω = Ω − ∂Ω, has a weak solution v in W Next we give more details about this statement and then give an idea for its proof.
Let Ω be a smooth n-manifold with boundary as above. Then, by definition, there is a compact smooth n-manifold with boundary B embedded in R n , n = 2, 3, and a diffeomorphism H :
where Ω = Ω − ∂Ω. Then h := H|M is a diffeormorphism from M onto S, so S is a punctured (n − 1)-manifold, or, a (n − 1)-manifold with a finite number of ends Ω (i) , i = 1, · · · , k, where we define an end Ω (i) of Ω as follows: Ω (i) is the image by H of the intersection of B with an open ball B ε (p i ) in R n centered at p i with radius ε i , sufficiently small such that B ∩ B ε (p i ) is a simply connected set. We denote this intersection by V ε i (p i ). Thus,
is an open and simply connected set in R n . Similarly, we define an end S (i) of S as the image by h of M ∩ ∂V ε i (p i ). When n = 3, S (i) is a connected smooth surface (possibly unbounded) and when n = 2, S (i) is the union of two smooth curves. Notice that, since M does not contain the point p i , M ∩ ∂V ε i (p i ) is connected when n = 3, but is the union of two disjoints pieces of a curve when n = 2. Now we define cross sections of Ω (i) and the cut domains Ω t of Ω, for t ≥ 1. We define a cross section
, since t ≥ 1, and Σ(t) is a simply connected smooth (n−1)-manifold in Ω (i) (without boundary). When n = 3, the boundary of a cross section Σ(t) is a smooth simple closed curve in S (i) = ∂Ω (i) which turns around Ω (i) . In particular, it is not homotopic to a point, as it is not its preimage by h in M. Indeed, this preimage is a loop (i.e. a smooth simple closed curve) in M around p i , i.e. with p i in its interior. (In fact, more generally, for n = 3 we can define a cross section of Ω (i) as any (n−1)-manifold in Ω (i) such that its boundary is the image of a loop in M around and sufficiently close to p i , say in M ∩ ∂V ε i (p i ). For n = 2 we can also define a cross section of Ω (i) as any curve in Ω (i) that is the image by H of an arbitrary smooth simple curve in V ε i (p i ) connecting the two components of M ∩ ∂V ε i (p i ).) Finally, regarding the cut domain Ω t we define it as being the following set:
Notice that the sets Ω t are bounded and smooth open sets in R n (i.e. with smooth boundaries), they satisfy Ω t 1 ⊂ Ω t 2 if t 1 < t 2 , and Ω = ∪ t≥1 Ω t . Now that we have set terminologies, we give the idea for a proof on the existence of steady flow in the described set Ω. Analogously to Section 1, we search a velocity v in the form v = u + a, where a is a given vector field defined in Ω such that it is divergence free, a|∂Ω = 0, it is bounded and has bounded derivatives in Ω, and has flux α i in each end Ω (i) , i.e. , we obtain a tangent vector field b on ∂Ω such that its integral on the boundary of any cross section of the outlet Ω (i) is equal to α i , for i = 1, · · · , k. Next, we can extend b to Ω, first by extending it to a tubular neighborhood V of ∂Ω inside Ω, by setting b(y, s) = b(y) + sN(y), for (y, s) ∈ V (i.e. y ∈ ∂Ω and s in some interval (−ǫ y , 0) ), where N is the unit normal vector field to ∂Ω pointing to the exterior of Ω. Then we extend b to the entire set Ω by multiplying it by a smooth bounded function ζ : R n → R such that it is equal to 1 on V . Finally, we define a to be the curl of the vector ζb. Then a is divergence free and if Σ i (t) is a cross section of the outlet Ω (i) with a normal vector field n i pointing to infinity, by Stokes theorem and the construction of a, we have
= α i for i = 1, · · · , k−1. For i = k this also holds true, due to the divergence theorem, the condition k i=1 α i = 0 and the fact that a is divergence free. Besides, since, by hypothesis, the volumes of the cut domains Ω t are of order t, i.e. Ωt ≤ ct for some constant c, and the vector field a is bounded, the estimate i) in Section 1 holds true. Indeed, for new constants c, we have
